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On the theory that the degree of linkage between two factors
depends on the distance apart of their loci in a chromosome, Morgan
and his fellow-workers have taken the distance between two loci as
proportional to the cross-over value! of the factors located in them.
This theory gives consistent results when the cross-over values are small,
but, as recognised by Sturtevant, and by Morgan and Bridges(1), is not
accurate for larger values. On the reduplication theory Trow(2) has given
a formula for the combination of linkage values which is shown below
to be inaccurate when the linkage is not close. In the present paper
a more accurate theory of the relations enier se of the cross-over values,
and of their connexion with the distances apart of the loci of factors in
a chromosome, is developed. Some such theory is especially necessary
when dealing with a group of factors containing few membels not very
closely linked.

Suppose 4, B, € to be three factors whose loci lie in that order in
the same chromosome. Let m be the cross-over value for 4 and B,
n that for 4 and C. If the chromosomes were perfectly flexible, so
that the fact of their having crossed between 4 and B did not diminish
the plobablhty of their crossing agam between B and C, we should
expect a triply heterozygous organism to produce gametes in the fol-

1 If zygotes of composition AB .ab and Ab. oB give gametic geries
(L-m)AB:mdb:maB:(L-m)ab and mdB: (L-m)4b:(1-m)aB :mab
respectively, then m is said to be the cross-over value for the factors 4 and B.
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lowing proportions if it were of composition 4BC.abe, and similarly
for other compositions:

No cross-over ... ... (4BCand abe). (1-m)(@d-n).
Cross-over between loci of 4-and B only .. ... (aBC and Abc). m (1 —n).
" w s BandConly .. ... (4Bc and abC). (1 —m)mn.
’ " s . Adand Bandof Band ¢ (4bC and aBc). mn.

Actually the last class has been shown to be in defect in many
cages. This has been thought to be due to the ‘loops formed by the
chromosomes during synapsis having a modal length(3). If this were
s0; we should expect to find an excessive number of double cross-overs
when the distance between the loct of 4 and € was equal to twice the
modal distance between points of crossing over. This phenomenon
has however not been recorded. The shortage of double cross-overs
can equally well be explained by the mere rigidity of the . chromo-
somes, which makes sharp bending difficult. In the sex chromosome
of Drosophila the ratio* of observed to calculated numbers of double
cross-overs is ‘58:1 for eosin'(white), vermilion, and sable (4) (where
m + n = 406), and ‘21:1 for vermilion, sable, and bar(3) (where
m + n =239).

If the calculated number mn of double cross-overs oceurred, the
crogs-over value for 4 and € would be equal to the total number of
single cross-overs, s.e. to m (1 —n) + (1 —m)n, or m + n — 2mn.

If double cross-overs ‘were impossible, but the full numbers of single
cross-overs occurred, as would happen if the chromosomes were straight
rigid rods, the cross-over value for 4 and ¢ would obviously be m +n
(Morgan and Bridges’ formula).

Finally if double cross-overs were impossible, and in every case
where one should have occurred according to the calculation above,
a single cross-over took its place, the cross-over value for 4 and ¢
would be m +n — 2mn +mn, or m +n —mn. This case might be
approximately realised if the chromosome could not form loops shorter
than some definite length.

Hence the cross-over values for A and O should be approximately
m+n when m and n are small, m 4+ n— 2mn when their sum is large,
and m + n — mn for intermediate values.

Table I contains the observed values(5) for all triads of factors in
the sex chromosome of Drosophila for which each of the cross-over
values exceeds ‘1 (10 °/.). The first column gives the three factors
concerned in each case; the second and third columns give the cross-

1 Called by Muller the ‘¢ ecoincidence.”
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over values for the first and second, and second and third factors
respectively, z.e. m and n. The fourth, fifth, and sixth columns give
the results of the three provisional summation formulae obtained
above; the seventh gives the observed cross-over value for the first

TABLE 1.

" i3]

1 2 3 4 5 6 7 8
Factors m n m4n  m4n-mn mtn—2mn Observed Class
‘White sable lethal s¢ ... oo 412 236 648 551 454 460 %
Yellow vermilion rudimentary . 345 *241 586 503 420 499 ¥
o v bar ... .. 845 -239 584 502 419 479 ¥
‘White depressed bar ... . 208 880 583 506 429 436 v ?
,»  sable forked .o 412 160 572 506 440 457 v
Yellow sable rudimentary” 429 <143 572 511 449 499 b
' bar oo 429 +138 567 508 449 479 Y
White vermilion fused ... ... 805 258 563 484 406 433 ¥
Bifid vermilion forked ... .. 811 245 556 480 404 425 v?
‘White sable rudimentary . 412 143 555 496 437 424 3
Bifid vermilion rudimentary ... 311 241 552 477 402 4927 v
‘White vermilion forked e ‘305 245 550 475 401 457 v
,, sablebar ... . 412 138 550 493 436 436 8
Yellow miniature bar ... .. 343 205 548 478 407 479 B
White vermilion rudimentary ... - -305 241 546 472 *399 424 v
” ' bar ... ... 805 *239 544 471 398 -436 %
,, miniature bar ... . t382 206 587 469 401 436 ¥
Yellow miniature rudimentary...  *343 179 *522 471 419 *429 ¥
White miniature rudimentary . 332 179 511 452 392 424 v
,, reduplicated bar .. 289 *206 495 435 375 -436 B
,, furrowed forked... ... -303 -191 494 436 -378 457 8?
Bifid miniature rudimentary ... ‘306 ‘179 485 430 375 427 y?
White furrowed bar ... ... 308 179 482 428 374 436 B?
Yellow vermilion sable... .. 345 101 446 411 376 429 B
Facet vermilion sable ... ... 826 :101 427 ‘394 361 430 a?
Depressed vermilion bar . 170 -239 409 '368 328 *380 B3?
‘White vermilion sable :.. ... 305 101 406 375 344 412 [
Shifted vermilion bar... ... 155 239 394 357 320 314 89
‘White depressed vermilion ... 203 ‘170 378 *338 -804 ‘305 v?
Yellow club vermilion ... I Vi | 188 365 +332 298 845 B
White lethal sb miniature - ... ‘156 199 '365 325 295 332 B
‘White elub vermilion ... .. 143 -188 *331 304 277 *305 B
,, lemon vermilion . l4b 120 265 248 230 305 a?
Vermilion sable forked ... 101 *160 261 245 229 245 By
" ,, rudimentary.. ~101 148 244 *280 215 241 8
bar RURSUR (1) § 138 +239 225 211 *239 af

and third factors. In the eighth column these observed values are
classified as follows:
Greater than m + n
Between m +n and m + n—mn . . .
» m +n —mn and m +n— 2mn
Less than m +n — 2mn .

R W R

Those exactly equal to m +n are classified as a3, and so on. The
data are placed in the order of the magnitudes of m+n. Where any
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of the three observed values is based on a count of less than 500 in-
dividuals (in which ‘case the probable error of the cross-over value
may exceed 1'5 °/,, as pointed oub by the author(6) elsewhere) a query
is placed in the last column, -

It will be seen that the observed values, when m +n exceeds ‘5,
lie almost wholly between m +n —mn and m +n — 2mn, as demanded
by the theory above. The three discordant values out of 19 are no
more than would be expected in view of the probable errors of the
observations due both to small numbers and differential mortality.
When m +n is less than 5 the results are somewhat more irregular,
as the calculated values from the three formulae are not very different,
but the majority of observations lie between m +n and m + n ~ mn, as
demanded by the theory.

This table also enables us to test the formulae given by Trow(2),
based on the reduplication theory. If reduplication takes place so that
4 and B when coupled give the gametic series

qAB:14b:1aB:qab (cross~0ver. value m = —1—),
g+1
whilst B and C give the series

rBC:1Bc:10C :rbe (cross—over value n = ;>,
‘ 41

then 4 and C should give the series
(g7 +1) BO:(q+7) Be: (¢+7)bC:(gr + 1) be

<cross-over value = ——q~+7—->
gr+q+r+1

. -3 1 1 2
This latter value == 741 P (q+1)(r+1)

on this hypothesis the observed cross-over values for 4 and €' should
cluster round m +n — 2mn, and approximately equal numbers should be
greater or less than it. In other words, as many values should fall in
class 8 as in classes a, 8, and v together.

The expectation is therefore 18 (8), 18 (a, B, and ¢); the actual
numbers are 35 (8), 32'5 (a, B, and ry), reckoning the single value 48
as half in each class. Hence the above form of Trow's theory is
untenable. ~

=m+n—2mn. Hence

On a more complicated form of the same theory, which Sturtevant ()
has shown to be impossible on other grounds, 4 and ¢ when coupled
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alone give a primary series sAC : 14¢: 1aC :sac, and in zygotes of com-
position ABC . abc, a series
(grs +5) AC: (q+1)Ao (g+r)aC: (gos-ks)a.c
q +

grs+q+7r+ s) '
As this value is less than that of m -4 n — 2mn, it is still -more clearly
1mpossuble

The supporters of the reduplication theory must therefore explain
the deficiency of the double cross-over classes of gamete (which from
a zygote of composition ABC . abc are 460 and aBc). On the.chromo-
some theory this is' due to the rigidity of the chromosomes, and until
an equally plausible explanation on the reduplication theory is given,
the-chromosome theory must be considered the more probable of the
two, so far as the class of evidence dealt with in this paper is concerned.

It has been shown above thatif 4, B, and € are three factors whose
loci lie in that order in the same chromosome, and if m and = are the
cross-over values for A, B, and B, C respectively, then the value for 4
and C is m + n — pmn, where p 1s a number between 0 and 2, increasing
on the whole with m + n, and having the value 1 when m +n = about 5.
The distances between loci may now be calculated as follows:

Let 2 be the distance between the loci of two factors, y their cross-
over value, and let the unit of distance be chosen so that when y is
sufficiently small & becomes equal to . This assumption is legitimate
if we suppose that crossmg over is as likely to occur (other things
being equal) at.one point in the chromosome as another, 7.c. that the
chromosome is equally flexible and breakable at all points. The unit
of distance is thus 100 times Morgans unit.

If now we write y = f (), the form of this function being indeter-
minate, '

. f(m+ k) =f (@) +f (k) —pf(x) f(h), where h is any increment of .

ﬂf@+2-ﬂ@¥ﬂb«%@#@\

(cross over value =

Ndw as h is decreased towards 0, ﬁl—) tends to the limit 1.

h
dy_p, S+ = 1)
dw Ch-=b

a0~ pf(w)f(h)

hi-=0
=1 — pf (@), whcre $ has the value assumed when m =y, n=0,

=1-py.
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Therefore ,
¥ di
@ = ] = since « and y vanish together, and py < 1.

Hence if p were constant we should have

-1 1 —
= — log, (1 —py), or y="—"nu . ............. 1).
p log(l=py)ory="—) 1)

Since however p varies between 0 and 2, the values of » must lie

— — 2
between y and »-21 log. (1 — 2y), those of y between 2 and !—e—m; the

2
equation
Y= eeeiiiiiiniiiiie e, (2)
being nearly accurate for small values of # and y, the equation
1 — p— 2
Y = »--26 ,or 4= ——loge (1=29) oo, 3)

for large values of # and v, as is obvious, since for large values of ,
y approaches the value 5 asymptotically. The equation (2) corresponds
to Morgan’s summation formula m +n, the equation (8) to Trow’s
formula m + % — 2mn.

The equation (3) may be deduced more directly as follows for a
perfectly flexible chromosome :

Let a length @ of the chromosome be considered as divided into
a very large number N of small equal portions. Then the chance of a

cross-over in each of these is approximately % Hence the chance

of a cross-over in ¢ of these segments and no more is

ml%‘fn (%)t (1 ‘%)N_t

When N becomes infinite the limiting value of this expression, i.e.
the probability of exactly ¢ and no more cross-overs in a length , is
ate®
Cy = T .............................. (4.‘)
Hence the value of y for a given value of » is the sum of the
probabilities of all odd numbers of cross-overs.
CY=cHc et ot
Y »  as
—e ( gt Rt gt
=¢®ginha
1 — e-—-i’m
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In practice, however, owing to the rigidity of the chromosome, the
value of ¢, thus calculated is too small, and those of ¢, ¢,, etc. too large.
They are however more accurate for great lengths, where the rigidity
of the chromosomes affects the results to a less extent.

It is suggested that the unit of distance in a chromosome as defined
above be termed a “morgan,” ‘on the analogy of the ohm, volt, ete.
Morgan’s unit of distance is therefore a centimorgan.

To obtain a more accurate relation between # and y we may plot
the .curves representing equations (2) and (8), andl then obtain em-
pirically a curve lying between the two which fits the observed results
as closely as possible. This has been done in the figure, where line («)
represents equation (2), curve (b) equation (8), and curve (c)

@="Ty — gloge (I1-29) oviviiiiiniinnn, (5).

Equation (5) is merely chosen to give as good a fit as possible
and has probably no theoretical significance. The points representing
observations are plotted as follows:

The values of ¥ in columns 2 and 3 of Table I are taken, and the
corresponding distances in morgans (values of #) read off from curve (c)
or Table II, which is calculated from equation (5). These latter are
added together, and a point plotted with their sum as abscissa and thLe
observed cross-over value from column 7 of Table I as ordinate. For
example the first row of Table I gives the following result:

The cross-over values *412 and ‘236 correspond, according to the
curve (¢), or better, by interpolation from Table 11, to distances of ‘549
and '261 morgans respectively. The sum of these distances is *810, and
the observed cross-over value from column 7 is *460. The point farthest
to the right is accordingly plotted with abscissa ‘810 and ordinate “460.
Curve (c) gives the value 479 for y, and the error of y is accordingly
‘019, or 19°/_. ‘

It will be seen that 18 of the observations lie above the curve (c),
18 below, and that in only 4 cases, 3 of which are among the results
queried in Table I, does the error of y exceed ‘04 or 4°/,. The probable
error of the cross-over values, as calculated from the curve, is 18 °/,, or,
omitting the queried results, 1-6 °/,. This result is not large considering
the probable errors of the values of i for the points plotted, which range
from 31 °/, downwards. \

The curve gives satisfactory results for smaller cross-over values, but
these are not plotted, as they do not allow of much discrimination be-

Journ, of Gen. viu 21
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tween the three equations. If the points had been plotted i «ither
line (a) or curve (b), 8% would have lain on one side, 82} on the other,
as may be seen from Table L
Hence the curve (¢) may be taken as a fairly accurate guide to the
combination of linkage values, and this remains equally true whether
the chromosome theory is adopted or not. For this reason a series of
values of 100z and 100y (se. distances in centimor gans and cross-over
values as percéntages) calculated from equation (5) are given in Table IL
As more results accumulate it should be possible to correct these values,
which are rather uncertain for large values of & and y.

TABLE II.

100y (Cross-over value as percentage) 0-0 50 80 1000 110 12:0 130
100 = (Distance in centimorgans)- 0-0 51 82 103 114 125 186
100y .. 140 150 160 170 180 190 200 210 220 230 240
100~ ... 147 159 170 181 193 205 217 9229 241 2583 266
100y ... 250 260 270 280 290 3800 310 320 330 840 350
100z ... 279 292 305 319 3833 347 862 377 3893 409 4926
100y ... 360 370 380 390 400 410 420 430 440 450 460
100x ... 443 461 480 500 522 544 569 596 626 660 701
100y ... 47-0 480 490 495 497 498 490 500

100 ... 751 819 930 992 1094 1177 19281 @

As an example of the use of this table the following problem may be
taken:

“The factors 4 and B give a cross-over value of 38'5°/,, the factors
B and C a value of 22°7°/,. What is the value for 4 and C?”

From the table we find by interpolation that the distance 4B is
490 centimorgans, the distance BC 24'9. Hence the distance

AC=AB + B0 =739 or 24'1 centimorgans.

The cross-over value is therefore 468 °/, or 22:0 °/_, according as C lies
outside A B or between 4 and B. Morgan’s formula would have given
612°/, (an impossible value), or 15-8°/,; Trow’s formula 437 °/,, or
289 °/, (by solving the equation m + 227 — 2m x 227 = 385). On the’
reduplication theory the result from AB -+ BC corresponds to the view
that the reduplication between A and C'is “ secondary ” to those between
A, B and B, ('; the result from 4B~ BC to the view that the redupli-
cation between 4 and B is secondary to those between 4, ¢ and O, B.
It should be remarked that the existence of a quantity = which has
the property demonstrated above is not a conclusive proof of the chromo-
some theory, and indeed such a quantity may occur in certain forms
(e.g. Trow’s) of the reduplication theory. However the fact that the
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values of « correspond to those demanded for the distanee on the hypo-
thesis that the factors are located in a semi-rigid chromosome is a strong
point in favour of that hypothesis.

We have now.the data for a fairly accurate estimate of the total
length of the known portion of a chromosome, e.g. the sex chromosome
in Drosophila. Taking some of the best authenticated measurements
we have:

100

: (Oross-ovgx,' value 100 @ (from

Tactors in per cent.) Table IT)
Yellow-White . .o 11 11
‘White-Vermilion ... 305 354
Vermilion-Bar ... 239 26°5
Bar-Lethal sc 83 85
Totals 638 715

This gives a total length of 71'5 centimorgans against Morgan and
Bridges’ estimate(8) of 66'2. The discrepancy is due to the fact that in
some comparatively long segments of the chromosome (e.g. between the
loci of Sable and Rudimentary, a distance of about 15 centimorgans) no
factors have been located, and such distances tend to be underestimated.
It may also be due in partto the large probable error involved in using
a large number of small distances.

From equation (4) we may calculate the proportion of chromosomes
giving ¢ cross-overs in the known region. These values are incorrect,
owing to the rigidity of the chromosome, ¢, being too low, the remainder-
too high. The theoretical values are:

No cross-over in Co = €=, or 491 °/ of the chromosomes
One , 10 ¢, ="T15¢"", or 344°/, ”
. 7150 g—ms
Two cross-overs iIn  ¢,= g OF 126°, N
. 7158 g—115
Three , in g=—pF—",o0r 30°/, N
5 158 g6
Four ” in ¢y = ) ,or 36°/. 5
and so on.

The value of ¢ is too low, the others too high. The real value of
¢, +Cy+ Cs+ ... is the cross-over value of 46:3°/,, and Morgan(8) gives
o+ G+ C;+ ..., the number of double cross-overs (including quad-
ruples, etc.), as about 10°/,, so that ¢, should be about 43°/,. When
the relation between x and y is accurately known it will be possible to
calculate the values of ¢; with accuracy by integration.
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Tt is believed that the above method of estimating distances will
prove of considerable value when applied to comparatively long chromo-
somes in which factors are sparsely located, such as the second and third
in Drosophila, since there is no reason to suppose that the relation
arrived at between distance and cross-over value is peculiar to the sex
chromosome in Drosophila. The results of investigations on these chro-
mosomes should go far to confirm or refute the theory. '

Outside Drosophila the best series of results on which to test it are
those of Altenburg(9) with the three factors M, S, and G in Primula
sinensis, quoted by Punnett(10) in a recent paper. Here the cross-over
value for M and S is 116 °/,, for M and G 34°0°/_, for S and G 406°/_,
each result being based on 3684 individuals. By Table II the distance
SM is 121 centimorgans, MG 409, and hence SG is 550 centimorgans
(assuming the loci to lie in the order SM@). Hence the cross-over value:
for § and G should be 404 °/ , the observed value being 406 °/_, a very
nearly perfect fit. The addition formula gives 45'6 °/,, Trow’s formula
877°/,. The probable error of the calculated result is *64°/,, of the
observed 55 °/,: Hence the probable value of their difference is 84 °/_,
and though the close agreement is accidental, both the alternative for-
mulae are impossible.

In the case of Punnett’s(10) results for sweet peas the agreement is
also good, but owing to the closeness of the linkage, the three formulae
give nearly equal values. There is, however, no reason to suppose that
Table II does not represent with fair accuracy the relation between dis-
tance and cross-over value in all organisms, though the absolute value
in pu of the unit of distance, or morgan, is presumably different in
different cases. '

SuMMARY.

By a consideration of the observed gametic ratios of the sex-linked

factors in Drosophila, the following results, among others, are arrived
at: . '
1. If A, B,and C are three factors lying in'a chromosome in that
order, and if m is the cross-over value for 4 and B, n that for B and O,
then the value for 4 and C lies between m + n and m + n — 2mn, being
nearer to the former when m + n is small, to the latter when it is large.

2. A relation is arrived at, on the hypothesis that the chromosomes
are partially rigid, between cross-over value and distance, which permits
of the calculation of one of the cross-over values for three factors from
the other two, with a probable error of less than 2 °/,.
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8. 'This relation may also be used fo calculate the total length of a

chromosome, and the number of double and triple cross-overs to be
expected in a large distance.

| 4. The results from Drosophila are incompatible with Trow’s form
of ithe reduplication theory, but perhaps not with other possible forms
of it. ‘ ‘

5. The theory developed above fits all the observed data in plants.
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